We study relations between induced subgraphs and (n,m)-subposets. Using properties of (n,m)-subposets, we consider a characterization of chordal double bound graphs in terms of forbidden subposets. Furthermore, we deal with properties of a poset whose double bound graph is isomorphic to its upper bound graph or its comparability graph, etc.
Introduction
In this paper, we consider finite undirected simple graphs. For a vertex v in G, the neighborhood of v is the set of vertices which are adjacent to v, and denoted by N G (v) . A clique in a graph G is the vertex set of a maximal complete subgraph. In some cases, we consider a clique as a maximal complete subgraph itself. A family C of complete subgraphs edge covers G if and only if for each edge uv ∈ E(G), there exists C ∈ C such that u, v ∈ C. A vertex v is called a simplicial vertex if N G (v) is a complete subgraph. For a poset P , Max(P ) is the set of maximal elements of P and Min(P ) is the set of minimal elements of P .
We know some kinds of graphs related to posets, that is, upper bound graphs, double bound graphs and comparability graphs. For a poset P = (X, P ), the upper bound graph (UB-graph) of P is the graph UB(P ) = (X, E UB(P ) ), where xy ∈ E UB(P ) if and only if x = y and there exists m ∈ X such that x, y P m. The double bound graph (DB-graph) of P =(X, P ) is the graph DB(P )=(X, E DB(P ) ), where xy ∈ E DB(P ) if and only if x = y and there exist m, n ∈ X such that n P x, y P m. The comparability graph (Com-graph) of P = (X, P ) is the graph Com(P ) = (X, E Com(P ) ), where xy ∈ E Com(P ) if and only if x is comparable with y in P.
McMorris and Zaslavsky [9] introduced concepts of UB-graphs and DB-graphs. A characterization of UB-graphs can be found in [9] . Diny [1] gives a characterization of DB-graphs as follows. For a graph G with two disjoint independent subsets M G and N G of V (G) and v ∈ V (G) − (M G ∪ N G ), define the sets U M G (v) = {u ∈ M G ; uv ∈ E(G)}, L N G (v) = {u ∈ N G ; uv ∈ E(G)}.
Theorem 1 (Diny [1]). A graph G is a DB-graph if and only if there exists a family
. . , C n } of complete subgraphs of G and disjoint independent subsets M G and N G such that
Furthermore, a family C is the unique, minimal edge covering family of cliques in G.
For a DB-graph G, an edge clique cover C = {C 1 , C 2 , . . . , C n } satisfying the conditions of Theorem 1 is called a DB edge clique cover, M G is called an upper kernel U(G) of G and N G is called a lower kernel L(G) of G. For a corresponding poset P of a DB-graph G, we already know the facts that U(G) corresponds to the set of all maximal elements of P and L(G) corresponds to the set of all minimal elements of P . In [2, 3] we deal with properties of maximal elements and minimal elements of a poset in UB-graphs and DB-graphs.
A characterization of Com-graphs is given in [6, 7] . And we know that cliques of Com-graphs correspond to maximal chains of posets. We also know that a clique of a UB-graph corresponds to an order ideal of a maximal element of a poset, and intervals of a poset correspond to cliques of DB-graph. Based on these properties of cliques, we consider relations between posets and DB-graphs, UB-graphs, and Com-graphs.
A graph G is chordal if every cycle of length at least 4 has a chord. Namely, G does not contain an induced subgraph isomorphic to C n (n 4). In [10] Scott studies some properties of chordal UB-graphs. In [10, 8] Scott and McKee also deal with properties on UB-graphs and Com-graphs. In Sections 2 and 3, we deal with chordality of UB-graphs, DB-graphs and Com-graphs.
Chordal upper bound graphs
In this section we deal with chordal UB-graphs and chordal Com-graphs. For a poset P , UP(x) ={y ∈ V (P ); x P y and x = y}. Furthermore, UP(
Similarly for a poset P , LP(x) = {y ∈ V (P ); y P x and x = y}, LP( McMorris and Zaslavsky [9] show that every graph is an induced subgraph of some UB-graph. This result means that UB-graphs cannot be characterized in terms of forbidden subgraphs. To supply this ineffectiveness, we adopt a few concepts on structures of subposets.
For a poset P , a poset Q is a subposet of P if and only if (1) V (Q) ⊆ V (P ) and, (2) for all x, y ∈ V (Q), x Q y in Q only if x P y in P . For a poset P , a poset Q is an induced subposet of P if and only if (1) V (Q) ⊆ V (P ) and, (2) for all x, y ∈ V (Q), x Q y in Q if and only if x P y in P . For a subset S ⊆ V (P ), S P shows the induced subposet of P whose elements set is S. We know that there exists an induced subposet R of a poset P such that UB(R) is not an induced subgraph of UB(P ). For a poset P , a poset Q is an m-subposet of P if and only if Q is a subposet of P with additional property that if x, y ∈ V (Q) and x, y P m for some m ∈ V (P ), then there exists m ∈ V (Q) with x, y Q m . The concept of m-subposets is introduced by Scott [10] . We already know the following result.
Proposition 2 (Scott [10]). Let P be a poset and Q be a subposet of P . Q is an m-subposet of P if and only if UB(Q) is an induced subgraph of UB(P ).
Our next result deals with properties of induced subposets on Com-graphs.
Proposition 3. Let P be a poset and Q be a subposet of P . Q is an induced subposet of P if and only if Com(Q) is an induced subgraph of Com(P ).
Proof. Let Q be an induced subposet of P . Since Q is a subposet of P , Com(Q) is a subgraph of Com(P ). For x, y ∈ V (Q), if x is adjacent to y in Com(P ), then x is comparable with y in P . Since Q is an induced subposet of P , x is comparable with y in Q, and x is adjacent to y in Com(Q). So Com(Q) is an induced subgraph of Com(P ). Conversely we assume that Com(Q) is an induced subgraph of Com(P ). For x, y ∈ V (Q), if x P y, then xy ∈ E(Com(P )). Since Com(Q) is an induced subgraph of Com(P ), xy ∈ E(Com(Q)). So x is comparable with y, and x Q y, because Q is a subposet of P . Thus Q is an induced subposet of P .
For a poset P , can(P ) is the canonical poset of P , where V (can(P )) = V (P ) and for x, y ∈ V (can(P )), x can(P ) y if and only if (1) x ∈ V (P ) − Max(P ), y ∈ Max(P ) and x P y, or (2) x = y. Scott gives the following result on chordal UB-graphs.
Theorem 4 (Scott [10]). (1) A poset P has the UB-graph that is chordal if and only if there does not exist an antichain
(
2) A poset P has the UB-graph that is chordal if and only if can(P ) does not contain Q n ((n 4) as an m-subposet.
We obtain the following result on chordal Com-graphs.
Proposition 5. For a poset P , Com(P) is chordal if and only if P does not contain a poset Q n (n 2) as an induced subposet.
Proof. Com(Q n ) (n 2) is a chordless cycle of length greater than or equal to four. By Proposition 3 for a poset P which contains Q n (n 2) as an induced subposet, Com(P ) is not chordal. We assume that for a poset P , Com(P ) contains a chordless cycle C with at least four vertices. Then C is an induced subgraph of Com(P ) and an even cycle. Since each even cycle has unique transitive orientation, the corresponding poset of an even cycle is Q n (n 2). Thus P contains Q n as an induced subgraph by Proposition 3.
Chordal double bound graphs
Next we consider chordal DB-graphs. In [5] we obtain the following result: for a graph G, there exists a DB-graph which contains G as an induced subgraph. This result means that DB-graphs cannot be characterized in terms of forbidden subgraphs. As is the case in UB-graphs, we introduce a concept of (n, m)-subposets.
For a poset P , a poset Q is an (n, m)-subposet of P if and only if Q is a subposet of P with additional property that if there exist n, m ∈ V (P ) with n P x, y P m, then there exist n , m ∈ V (Q) with n Q x, y Q m . We obtain the following results on (n, m)-subposets.
Proposition 6. For a poset P and a subposet Q of P , Q is an (n, m)-subposet of P if and only if DB(Q) is an induced subgraph of DB(P ).
Proof. We assume that Q is an (n, m)-subposet of P . Since Q is a subposet of P , DB(Q) is a subgraph of DB(P ). If xy ∈ E(DB(P )), then n P x, y P m for some n, m ∈ V (DB(P )). Since Q is an (n, m)-subposet, there exist n , m ∈ V (Q) with n Q x, y Q m . So xy ∈ E(DB(Q)) and DB(Q) is an induced subgraph of DB(P ).
Conversely, we assume that DB(Q) is an induced subgraph of DB(P ). If there exist n, m ∈ V (DB(P )) with n P x, y P m, that is, xy ∈ E(DB(P )), then xy ∈ E(DB(Q)) because DB(Q) is an induced subgraph of DB(P ). Therefore there exist n , m ∈ V (DB(Q)) such that n Q x, y Q m . Hence Q is an (n, m)-subposet of P . Proof. We assume that Q is an (n, m)-subposet of P . If x P y for x, y ∈ V (Q), then n(=x) P x, y P (y=)m and, there exist n , m ∈ V (Q) such that n Q x, y Q m . Since Q is a subposet of height-1 poset P , n = x and m = y. Thus x Q y, and Q is an induced subposet of P .
Conversely, we assume that Q is an induced subposet of P , and for some x, y ∈ V (Q), there exist n, m in P such that n P x, y P m. Since P is a height-1 poset, we know that n = x and m = y. Thus x P y. Since Q is an induced subposet of P , x Q y and there exist n (=x), m (=y) in Q such that n Q x, y Q m . Hence Q is an (n, m)-subposet of P .
is a poset Q n with an additional relation i j , where (i, j ) = (i, i), (i, i + 1), (n, 1). We know that Q +
n contains some Q m (m n) as an induced subposet.
Fact 8. Let P be a height-1 poset and Q + n be a subposet of P . Then there exists an induced subposet isomorphic to Q m (m n).
For a poset P , the double canonical poset of P is the poset d_can(P ), where V (d_can(P )) = V (P ) and for x, y ∈ V (d_can(P )), x d_can(P ) y if and only if x P y and (1) x / ∈ Max(P ) ∪ Min(P ) and y ∈ Max(P ), (2) x ∈ Min(P ) and y / ∈ Max(P ) ∪ Min(P ), (3) x ∈ Min(P ) and y ∈ Max(P ), or (4) x = y. For posets P and Q, P ⊕ Q is the poset, where V (P ⊕ Q) = V (P ) ∪ V (Q) and x P ⊕Q y if and only if (1) x, y ∈ V (P ) and x P y, (2) x, y ∈ V (Q) and x Q y, or (3) x ∈ V (P ) and y ∈ V (Q). (See Fig. 2.) We have the following results.
Theorem 9. Let P be a poset. Then DB(P ) contains C s (s 4) as an induced subgraph if and only if
Proof. Each of the DB-graphs of Q m (m 2), Q n ⊕ { } and { } ⊕ Q n (n 4) contains a chordless cycle with at least four vertices as an induced subgraph. Thus for a poset P satisfying conditions (1) or (2), DB(P ) contains C s as an induced subgraph by Propositions 6 and 7.
Conversely, we assume that the DB-graph of a poset P contains a chordless cycle C : x 1 x 2 . . . x s x 1 (s 4).
Since Max(P )∪Min(P ) P is a height-1 poset and a transitive orientation of C is unique up to converse, {x 1 , x 2 , . . . , x s } forms some Q s and it is an induced subposet of Max(P ) ∪ Min(P ) P .
Each element of V (P ) − (Max(P ) ∪ Min(P )) has at least one upper bound element and at least one lower bound element of d_can(P ).
Case 2: is an induced subgraph of G. Thus { , 1 , 2 , . . . , s , x 1 , x 2 1, 2, . . . , k − 1 or k) . We have two cases, for the last l , l = k − 1 or l = k. Since x 1 , x 2 , . . . , x s forms a chordless cycle in DB-graph of P , there exist a common upper bound and a common lower bound of x 1 and x s . Then it is easily shown that
Thus Max(P ) ∪ Min(P ) P has some Q m (m 2) as an induced subposet by Fact 8.
Case 3:
We can separate the sequence
by similar way of Subcase 2.3. Thus there exists an induced subposet isomorphic to Q m on Max(P ) ∪ Min(P ) P .
Since chordal graphs contain no C s (s 4) as induced subgraphs, we have the following result.
Corollary 10. For a poset P , DB(P ) is a chordal graph if and only if
(1) the induced subposet Max(P ) ∪ Min(P ) P does not contain Q n (n 2) as an induced subposet, and (2) d_can(P ) does not contain { } ⊕ Q n or Q n ⊕ { } (n 4) as (n, m)-subposets.
Next we consider DB-graphs with subgraphs corresponding to paths P n . Z n is a poset such that (1) 1 , 2 , . . . , n } and { 1 , 2 , . . . , n } are antichains of Z n and, (3) i j if and only if (i) i = j or (ii) i = j + 1 for i = n. Z n is a poset Z n with an additional element n+1 and an additional relation n n+1 . (See Fig. 3 .) Z + n is a poset Z n (n 3) with an additional relation i j , where i = j and i = j + 1. Z n + is a poset Z n (n 3) with an additional relation i j , where i = j and i = j + 1. We know that Z + n and Z n + contain some Z m or Z m or Q 2 (m n) as an induced subposet. Case 3:
. We obtain the sequences j i 1 , . . . , j i k ∈ Max(P ) and j i 1 , . . . , j i k ∈ Min(P ) for an interval x i 1 , x i 2 , . . . , x i k in V (P ) − (Max(P ) ∪ Min(P )) in a way similar to Subcase 2.3. Thus, there exists an induced subposet isomorphic to Z l or Z l or d Z l or Q 2 in Max(P ) ∪ Min(P ) P .
In [11, 12] , Wolk gives the following result, which is reposted by Scott [10] . A tree poset is a poset such that for x, y, z ∈ V (P ), if x, y P z, then x is comparable with y. 
Upper bound graphs, double bound graphs and comparability graphs
In the following, we consider posets for which UB(P ) = Com(P ), UB(P ) = DB(P ), or DB(P ) = Com(P ). First we deal with upper bound comparability graphs. In [10] Scott gives the following result.
Proposition 15 (Scott [10] ). If P is a tree poset, then the UB-graph of P is the comparability graph of P .
This leads to the following.
Proposition 16. For a connected poset P , UB(P ) = Com(P ) if and only if P is a tree poset.
Proof. By Proposition 15, UB(P ) = Com(P ) for a tree poset P . Conversely we assume that UB(P ) = Com(P ) and P is not a tree poset. Then there exist elements x, y, z such that x, y P z and x is incomparable with y. Thus xy ∈ E(UB(P )) and xy / ∈ E(Com(P )), a contradiction.
